Abstract. In this paper, we study some symmetric properties of the multiple q−Euler zeta function. From these properties, we derive several identities of symmetry for the (h, q)−extension of higher-order Euler polynomials, which is an answer to a part of open question in [7] .
Introduction
Let C be the complex number field. We assume that q ∈ C with |q| < 1 and the q−number is defined by [x] q = 1−q x 1−q . Note that lim q→1 [x] q = x. As is well known, the higher-order Euler polynomials E n (x) t n n! , (see [4] , [16] ), (1.1) where |t| < π. When x = 0, E (r) n = E (r) n (0) are called the Euler numbers of order r. Recently, the second author defined the (h, q)−extension of higher-order Euler polynomials, which is given by the generating function to be , (see [6] , [8] ), (1.2) where h ∈ Z and r ∈ Z ≥0 .
qt , (see [6] , [8] ), (1.3) where
. From (1.3), we can derive the following equation:
n q , (see [6] ), (1.4) where (x : q) n = (1 − x)(1 − xq) · · · (1 − xq n−1 ). In [6] and [8] , the second author constructed the multiple q−Euler zeta function which interpolates the (h, q)− extension of higher-order Euler polynomials at negative integers as follows :
, (see [6] ),
(1.6)
Using the Cauchy residue theorem and Laureut series in (1.5), we obtain the following lemma.
Lemma 1.1. For n ∈ Z ≥0 and h ∈ Z, we have
n,q (x), (see [6] , [8] ).
In [7] , the second author introduced many identities of symmetry for Euler and Bernoulli polynomials which are derived from the p-adic integral expression of the generating function and suggested an open problem about finding identities of symmetry for the Carlitz's type q-Euler numbers and polynomials. When
n,q (0) are called the (h, q)-Euler numbers of order r. From (1.3) and (1.4), we can derive the following equation :
with the usual convention about replacing (E
n,q . Recently, Y. Simsek introduced recurrence symmetric identities for (h, q)-Euler polynomials and alternating sums of powers of consecutive (h, q)-integers (see [16] ). In this paper, we investigate some symmetric properties of the multiple q-Euler zeta function. From our investigation, we give some new identities of symmetry for the (h, q)-extension of higher-order Euler polynomials, which is an answer to a part of open question in [7] .
Identities for (h, q)−extension of higher-order Euler Polynomials
In this section, we assume that h ∈ Z and a, b ∈ N with a ≡ 1(mod 2) and b ≡ 1(mod 2). Now, we observe that
Thus, by (2.1), we get
By the same method as (2.2), we see that
Therefore, by(2.2) and (2.3), we obtain the following theorem.
Theorem 2.1. For a, b ∈ N, with a ≡ 1(mod 2) and b ≡ 1(mod 2), we have
From Lemma 1.1 and Theorem 2.1, we can derive the following theorem.
Theorem 2.2. For n ∈ Z ≥0 and a, b ∈ N, with a ≡ 1(mod 2) and b ≡ 1(mod 2), we have
n q a−1 j1,···,jr=0
By (1.4), we easily see that
Therefore, by (2.4), we obtain the following proposition.
Proposition 2.3. For n ≥ 0, we have
From Proposition2.3, we note that a−1 j1,···,jr=0
where S (h,r)
By (2.5), we get
By the same method as (2.7), we see that
Therefore, by (2.7) and (2.8), we obtain the following theorem. 
Then we have
It is not difficult to show that n,q (y)
The right hand side of (2.10) multiplied by [2] Remark. Recently, several authors have studied (h, q)−extension of Bernoulli and Euler polynomials (see [1] - [5] , [9] - [17] ).
